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Abstract 
A set D of vertices in a graph G =- (V,E) is called a point-set dominating (or, psd-) set of 
G if for every nonempty subset S of V - D there exists v E D such that the induced subgraph 
(S U {v}) is connected (cf. Sampthkumar nd Pushpa Latha (1993) [6]). Here, we report results 
of our investigation into the nature of connected separable graphs having unique minimum psd- 
sets. In particular, we characterize block-cactus graphs (with at least two blocks) having this 
property. (~) 1999 Elsevier Science B.V. All rights reserved 
Keywords: Point-set domination; Separable graphs; Unique minimum psd-set; Block-cactus graph; 
Stringed r-cycle 
1. Introduction 
Unless defined or mentioned otherwise, we refer the reader to Harary [4] for standard 
terminology and notation in graph theory. 
Sampthkumar and Pushpa Latha [6] define a set D of  vertices in a connected graph 
G = (V,E) to be a point-set dominating (or, in short, psd-) set of G if for every subset 
S C V - D there exists a vertex v E D such that the subgraph (S U {v}) induced by 
the set S U {v} is connected. The set of all psd-sets in G will be denoted ~ps(G). 
Remark 1.1. Clearly, every psd-set of  G must be a dominating set of G in the standard 
sense (cf. [5, ch. 13]), but not conversely; we shall denote by ~(G)  the set of  all 
dominating sets of  G. 
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Remark 1.2. We noted in [1,2] that it is not necessary to impose connectedness of G 
in the above definition and observed the validity of the following results. 
Lemma 1.3 (Acharya and Pumima Gupta [2]). Let G : (V,E) be any graph and D 
be any psd-set of G. Then, (V -D)  is a proper subgraph of a (connected) component 
HofG 
Remark 1.4 (Acharya and Pumima Gupta [2]). If H is a component of G then a 
psd-set of H, together with the vertex sets of all the other components of G, forms a 
psd-set of G. 
For a finite graph G, the minimum cardinality of a psd-set of G is called the point- 
set domination umber of G and is denoted yp(G). Further, a psd-set of G with exactly 
~p(G) elements is called a To-set (or, a minimum psd-set) of G or, more simply, a 
7p(G)-set. We let ~°s(G ) denote the set of all 7p(G)-sets. 
Theorem 1.5 (Acharya and Pumima Gupta [2]). Let G be a finite graph of order n, 
and ~KG denote the set of its components. Then 
7p(G) = n - max {[ V(H) I  - ~p(H)}. 
HE~,,6 
(1) 
Hence, without loss of generality, we may assume that G is connected which we 
shall do hitfierforth. Also, G will be assumed to be finite whenever we are dealing 
with the parameter 7p(G). 
The following two interesting observations made in [6] are indeed easy consequences 
of the definition of psd-sets. 
Proposition 1.6 (Sampthkumar nd Pushpa Latha [6]). Let D be a psd-set of a 
graph G and dG(u, v) denote the distance between the vertices u and v in G. Then 
d6(u,v)<~2 Vu, v E V -  D. (2) 
Also, in any graph G of order n, if d(u) denotes the vertex-degree of the vertex u 
in G and A := A(G) = max{d(u) : u E V(G)} one always has 
),p(G) ~<n - A(G). (3) 
In [6], the following important result was established. 
Proposition 1.7 (Sampthkumar nd Pushpa Latha [6]). Let G = (V,E) be a graph oJ 
finite order n having cut vertices. Then 
7p(G) = min{n - A, n - k}, (4) 
where k(G):--k = maxBc.~o.{[ V(B)[ -  Vp(B)}, and ggG denotes the set of all blocks 
of G. 
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Let N(u) = {v E V(G) : uv E E(G)} denote the set of neighbours of u. The fol- 
lowing characterization f psd-sets in graphs will be found quite useful for application 
throughout our investigation of properties of psd-sets. 
Theorem 1.8 (Acharya and Pumima Gupta [3]). In any graph G = (V,E), DC_ V is 
a psd-set if and only if every independent set W in (V -  D) is contained in N(u) for  
some u E D. 
Remark 1.9. In fact, since the property of independence of the subsets of the 
vertex set of any given graph is hereditary, it is enough to check the condition in 
Theorem 1.8 for maximal independent sets in {V-  D) in order to conclude whether 
D is or is not a psd-set in G. 
In this paper, continuing our study of the notion of psd-sets reported in [1-3], 
we shall investigate the nature of connected separable graphs (that is, graphs with 
cut vertices) having unique 7p-Sets. Hence, the notation and terminology introduced 
or used in [1-3] will continue to be invoked here; especially, we recall the 
following: 
If G = (V,E) is any separable graph, then for any D E ~ps(G) and B E ~ such 
that (V - D) C V(B) we define the set P(B,D) = {u E V - D : N(u)N(D-  V(B)) ¢ 0 
and N(u) n (V(B) n D) = 0}. 
Lemma 1.10 (Acharya and Pumima Gupta [2]). Let G=(V,E)  be any separable 
graph, D E ~p~(G) and B E ~6 be such that (V -D)C_ V(B). Then every vertex of 
P(B,D) is adjacent o every other vertex of V - D. 
Lemma 1.11 (Acharya and Purnima Gupta [2]). Let G=(V,E)  be any separable 
graph, D E ~ps(G) and B E ~6 be such that (V - D)C_ V(B), Then, 
V(B) ND ¢ 0 ~ V(B)ND E ~p~({V(B) -P(B,D))) .  (5) 
Furthermore, as in [3], for any separable graph G = (V,E) of order n, let ~ps(G;X) = 
{D G ~ps(G) : 3B E ~c  with V -  D C V(B)}, ~ps(G;Y) -- {D E ~ps(G) : 
3B E :~c with V -  D = V(B)} and @ps(G;Z) = ~ps(G)-  ~ps(G;X)U ~ps(G; Y)) --- 
{O E ~ps(G) : V -  D contains vertices of different blocks} where "A c B" means 'A 
is strictly contained in B'. Clearly, ~ps(G) is a disjoint union of @ps(G;X), ~ps(G; Y) 
and ~ps(G;Z). ~ps(G;X) can be further divided into two mutually exclusive sub- 
classes, viz., ~ps(G;X1 ) = {D E ~ps(G;X) : V -  D C V(B) for some B E ~ with 
P(B,D) = 0} and ~p~(G;X2) = ~p~(G;X) - ~ps(G;Xi). Hence, 
~ps(G) = ~ps(G;X| ) U ~ps(G;X2) U ~ps(G; Y) U ~ps(G; Z). (6) 
Let us put ~°s(G;X ) = ~°s(G ) N @p~(G;X), ~°s(G;Xl ) = ~p°s(G)N ~p~(G;X,). 
~(G;X2)  = ~°s(G) N ~p~(G;X2), ~(G;Y)  = ~°~(G) n ~p~(G;Y) and 
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~°s(G;Z) = ~°s(G)n ~ps(G;Z). Obviously, we must then have 
~0s(G) = ~ps(G,X,O " ) U~°s(G;X2)U~°s(G;Y)U~°s(G;Z ). (7) 
It can be readily seen that the sets on the right-hand sides of decompositions in (6) 
and (7) are pairwise disjoint. 
We shall also need the following results proved elsewhere. 
Lenuna 1.12 (Acharya and Pumima Oupta [2]). ~°s(G;Xl)¢O /f and only if 
A(G)~k(G). 
Lennna 1.13 (Acharya and Pumima Gupta [2]). ~°s(G;X1 ) ¢ 0 /f and only if the 
followin 9 conditions is satisfied." 
(i) A(G)>~k(G). 
(ii) V(G) can be divided into four nonempty subsets Vl, V2, V3 and V4 such that 
(a) V 1 ~ ~, 
(b) [V1 U V2[ = A(G), 
(C) gl U V2 U V3 E ~G, 
(d) V3 is a psd-set of V2 U V3, 
(e) (V1) is complete, N(x)n 1:2 = V2, N(x)n  V3 = (~ and N(x)N V4 ¢ ~ for each 
xEV~. 
For any set A of vertices of G let N(A) denote the set of neighbours of vertices in A 
and N[A] = A UN(A). In particular, if A = {u} then we write N[u] instead of N[{u}]. 
Next, let G ÷ --- (V U V p, E +), where V n V r = 0, be the graph obtained from the given 
graph G -- (V,E) as follows: Take any bijection f : V ~ V t and let f (v )  = v' for 
every v E V. Let E + := E(G +) = E(G) U {vv' : v E V(G)). 
Lennna 1.14 (Acharya and Pumima Gupta [2]). ~°s(G; Y) ¢ (0 if and only if 
(i) A(G)>.k(G), and 
(ii) G has a complete block B of order A(G) and (N[V(B)]) = B +. 
Lennna 1.15 (Acharya and Pumima Gupta [2]). ~°s(G;Z ) ¢ 0 if and only if one of 
the followin9 conditions is satisfied: 
(i) A(G) > k(G), and 
(ii) A(G) = k(G) and there exists a vertex u of degree A(G) such that N(u) is not 
contained in any single block of  G. 
Lemma 1.16 (Acharya and Purnima Gupta [3]). In any 9raph G, D E ~ps(G;Z) is 
minimal if and only if (V - D) = N(w) for some w E D. 
In this paper, we will show that for any connected separable graph G one always 
has ~ps(G;Xi) ~ 0 as also ~ps(G;Z) ~ 0 and characterize graphs G which sat- 
isfy ~ps(G;X2) ~ 0 as also those that satisfy ~ps(G; Y) ~ 0. Furthermore, we shall 
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characterize D C V(G) belonging to ~ps(G;X2)U ..~ps(G; Y). We will use these results 
to characterize graphs having unique minimum psd-sets. 
2. Some new fundamental properties of psd-sets 
Unless mentioned otherwise, the graphs treated in this section are simple, connected 
and separable graphs which may not necessarily be finite. 
Proposition 2.1. For any connected separable graph G, 
(a) ~ps(G;Xi) ¢ 0 and 
(b) ~ps(G;Z) ¢ ~. 
Proof. (a) B E ~ ~ (V (G) -  V(B))U {a psd-set of B} E ~ps(G;Xl) and since G 
is separable, this implication yields the desired result. 
(b) Since G is separable, there must exist a cut vertex u in G whence 
(V(O)-N(u)) e [] 
Theorem 2.2. For any connected separable graph G, ~ps(G;X2) ¢ 0 tf and only i] 
there exists B E ~ such that V(B) can be partitioned into three nonempty subsets 
Vj, V2 and V3 satisfying the following conditions: 
(a) (1/1) is complete, N(x)N V2 = V2, N(x)A V3 = 0 and N(x)G (V(G)-  V(B)) ~ ~, 
for every x E Vl; 
(b) V3 is a psd-set for (V2 U V3). 
Proof. (Sufficiency). Let the conditions be satisfied for some B E ~c.  Let D = V(G)- 
(V1 U V2) = (V(G) - V(B)) U V3. Then, we observe, V - DC V(B) and P(B,D) ~ (~. 
Note that, (a) implies V1 C P(B,D) and, further, (b) implies P(B,D) N V2 = ~. By 
definition, P(B,D)C_ V - D = Vl U V2. Thus, P(B,D) = V1 ~ ~. 
First, we claim that validity of the conditions (a) and (b) implies that D E ~ps(G). 
We apply Theorem 1.8 for the purpose. Let W be an independent subset of V -D .  
If WNP(B,D) ~ 0, IWl = 1, then W = {w} for some w E P(B,D) whence we get 
N(w) n (V(G) - V(B)) ~ 0 by virtue of condition (a). This implies that there must 
exist v E D such that W c N(v). 
On the other hand, if W n P(B,D) = Ib then W C V2 = (V - D) - V1. Hence, by 
condition (b) and the application of Theorem 1.8 to V3 and (V2 U V3), we must have 
a vertex v E 113 C D such that W C N(v). 
Thus, we have shown that D E ~ps(G), V -  D C V(B) for some B E Mc and is 
such that P(B,D) ~ ~, showing thereby that D E ~ps(G;X2). 
(Necessity). Suppose ~ps(G;g2) ~ ~ and let D E ~ps(G;g2). Then, by defi- 
nition, we must have B E ~ such that V-DC V(B), P(B,D) ~ O. The defi- 
nition of P(B,D) and the fact that V-DC V(B) imply (V -D) -  P(B,D) ~ ~. 
Also since V-Dc  V(B), we must have V(B)n D ~ 0. Hence, let Vi = P(B,D), 
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V2 = (V -D) -P (B ,D)  and V3 = V(B)MD. Then, Lemmas 1.10 and 1.11 and the 
fact that D E ~ps(G) imply that {Vl, V2, V3} is a partition of V(B) into three nonempty 
subsets atisfying conditions (a) and (b). [] 
Corollary 2.3. In any connected separable graph G, a subset D of V(G) belongs to 
~ps(G; Y) if and only if there exists B E MG such that V - D C V(B) and V(B) can 
be partitioned into three subsets Vl, V2 and V3 satisfying conditions (a) and (b) of 
Theorem 2.2. 
Theorem 2.4. For any connected separable graph G, ~ps(G; Y) # 0 if and only if 
there exists B E ~c such that the following conditions are satisfied: 
(a) (V(B)) is complete, and 
(b) N(x) A (V(G) - V(B)) ~ 0 for each x E V(B). 
Proof. (Necessity). Let D E ~ps(G; Y). By the definition of ~ps(G; Y), there must 
exist B E ~G such that V -D  = V(B). This implies V(B) AD : 0 and hence 
N(x) n (V(B) n D) = 0 for every x E V - D. Moreover, since D is a psd-set of G, 
N(x) MD = N(x) fq (V(G) - V(B)) = N(x) M (D - V(B)) • 0 for every x E V - D = 
V(B) whence (b) is seen to follow. Also, the above two conclusions together imply 
that P(B,D)= V-D = V(B). Now, (a) follows from Lemma 1.10. 
(Sufficiency). If conditions (a) and (b) are given to hold for some B E ~,  then 
the set D = V(G) - V(B) E ~ps(G; Y). [] 
Corollary 2.5. In any connected separable graph G, a subset D of V(G) belongs 
to ~ps(G;Y) if and only if (V -D)  EM~ and satisfies conditions (a) and (b) of 
Theorem 2.4. 
Corollary 2.6 (Acharya and Purnima Gupta [2]). In any connected separable 
graph G with A(G)>~k(G), a subset D of V(G) belongs to ~°s(G;Y) /f and 
only if (V -D)=B for some complete block B satisfying (N(V(B)))=B + and 
I V(B)I -- A(G). 
Theorem 2.7. In any connected separable graph G with A(G) > k(G), the following 
statements are valid." 
(a) N(u) q~V(B) for any B E ~G and for any vertex u of degree A(G). 
(b) V(G) -  N(u) E ~°s(G;Z)for  any vertex u of degree A(G). 
(c) IN(u)n V(B)[ <~A(G) - 1 for any B E ~c and for any vertex u of degree A(G). 
(d) ~Os(V;Xl ) ~--- •. 
(e) ~°s(G;Z ) ~ O. 
Proof. (a) For any vertex u of degree A(G), since A(G) > k(G)>>. 1 if N(u)C V(B) 
for some B E ~G then we must have N[u]C_V(B), for if u q~ V(B) then Bl = 
(V(B) U {u}) would he a connected nonseparable subgraph of G, contrary to the max- 
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imality of B as such a subgraph (of. [4, ch. 3]). But then V(B) -N(u)  E ~ps(B) so that 
Tp(B) ~ IV (B) [  - A(G). Thus, we have A(G) <~ ]V(B)I - 7p(B) ~< k(G), a contradiction 
to the hypothesis. 
(b) Since A(G) > k(G) by hypothesis, Proposition 1.7 implies that 7p(G) = 
n - A(G) whence V(G) - N(u) E ~°s(G) for any vertex u of degree A(G). Hence, 
(a) implies V(G) - N(u) E ~°~(G; Z). 
(c) Since A(G) > k(G) this is an easy consequence of (a). 
(d) Follows from Lemma 1.12. 
(e) Follows from (b). [] 
Lennna 2.8. In any connected separable graph such that A(G) > k(G), ~(G;X2)  -¢ 
0 if and only if there exists B E ~G such that IV(B)[ > A(G) and V(B) can be 
partitioned into three nonempty subsets V1, V2 and V3 satisfying 
(a) (Vj) is complete, N(x)N V2 = V2, N(x)N V3 --- 0 and N(x)N (V(G) - V(B)) ¢ O, 
for every x E I"1; 
(b) V3 is a psd-set for (V2 U V3); and 
(c) Iv~ u v21 = A(G) 
Proof. (Necessity). Let D E ~s(G;g2)C~ps(G;X2). Then by Theorem 2.2, there 
exists B E ~c  such that V(B) can be partitioned into three nonempty subsets Vl, V2 
o . iV_O l  uV21 and V3 satisfying conditions (a) and (b). Since D E ~ps(G,X2), : IVI -- 
A(G) so that (c) is seen to hold by the application of Proposition 1.7. Lastly, IV(B)] = 
IV~ u V2 U V3I > A(G). Thus, the necessity of the conditions follows. 
(Sufficiency). If the conditions in the statement of the theorem are satisfied by a 
B E Me; then, it is easy to see that V(G) - (VI U 1/2) E ~s(G;X2). [] 
Remark 2.9. In Lemma 2.8, it may in fact be seen that V1 = P(B,D) and V3 = 
V(B) ND ~ ~ps((V2 U V3)). Also, d(x) = A(G) for every x E VI. 
Remark 2.10. In a separable graph G with A(G) > k(G), every block B E ~G sat- 
isfying the conditions tated in Lemma 2,8 gives rise to a member D = (V(G) - 
V(B)) U V3 = V(G) - (Vi U V2) E ~s(G;X2). Conversely, for every D E ~s(G;X2) 
there exists a block B satisfying the conditions of Lemma 2.8, V - D = V~ U V2 and 
D : (V (G) -  V(B)) U V3. 
3. Separable graphs with unique minimum psd-sets 
We can deduce the following result from Lemma 1.15. 
Proposition 3.1. Let G = (V,E) be any connected separable graph such that 
A(G) > k(G). I f  G has a unique yp-set D then ~°s(G ) = ~p°s(G;Z ) = {D}. 
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This result leads us to the problem of characterizing graphs having unique minimum 
psd-sets. In this section, we shall settle this problem for connected separable graphs. 
Theorem 3.2. Let G = (V,E) be any connected separable 9raph with A(G) > k(G). 
Then G has a unique yp-Set if and only if the followin9 conditions are satisfied: 
(a) G has exactly one vertex u of degree A(G). 
(b) Every block B with IV(B)[ > A( G) satisfies one of the followin9 three conditions: 
(i) u (~ V(B). 
(ii) IN(u)M V(B)I ¢ A(G) - 1. 
(iii) IN(u) n V(B)[ = A(G) - 1 and V(B) - N[u] is not a psd-set for B - {u}. 
Proof. (Necessity). Let G have a unique 7p-Set D. If u is any vertex of degree A(G), 
by Theorem 2.7(b) we must have V(G) - N(u) E D°s(G). Hence, if u and v are two 
distinct vertices of degree A(G) in G then, because of the hypothesized uniqueness of 
the 7p(G)-set, we must have V(G) -  N(u) = V(G) -  N(v). This implies N(u) = N(v) 
and hence N(u) must be contained in a single block, contrary to Theorem 2.7(a). 
Therefore, G must have exactly one vertex u of degree A(G). 
Next, let B E ~ be such that [V(B)I > A(G) and suppose none of the condi- 
tions (i), (ii) and (iii) is satisfied. Hence, u E V(B), IN(u) n V(B)I = A(G) - 1 and 
V(B) -  N[u] E ~p~(B-  {u}). So, by setting Vl = {u}, V2 : N(u)fq V(B), and 
V3 : V(B) - (V1 U V2) = V(B) - N[u] then since ]N(u) • V(B)[ = A(G) - 1 we 
see that N(u) A (V(G) -  V(B)) ~ 0. So, let Dt -- (V (G) -  V(B)) U V3. Then 
since V -  D C V(B) and VI, V2 and V3 satisfy the conditions of Theorem 2.2 we 
infer that Dl E ~p~(G). Further, since IV -  Ol = A(G) it follows that Dl E ~s(G) ,  
Di ~ V(G) -N(u)  which is a contradiction to the fact that V(G) -N(u)  is the unique 
7p(G)-set. Thus, (b) must be satisfied. 
(Sufficiency). Suppose the conditions (a) and (b) are satisfied in G. As seen 
already, for the given vertex u of maximum vertex degree in G, we must have 
D = V(G) - N(u) E ~°~(G). 
Hence, suppose DI E ~°s(G) - {D}. According to the decomposition of D°s(G) 
stated in (7), D1 could be located in any one of the classes ~°s(G;X1 ), ~s(G;Xz),  
D°s(G; Y) and ~°s(G;Z ) However, since A(G) > k(G), by Theorem 2.7(d) we must 
~0 . have ~vs( G,Xl ) = 0. 
0 . Next, let Dl E ~ps(G, Y). Then, by the definition of ~°s(G; Y), we see that V - Di = 
V(B) for some block B of G. Furthermore, in accordance with Corollary 2.5, B is com- 
plete with IV(B)I -- A(G) and N(x)A (V(G) - V(B)) ¢ 0 for each x E V(B). But 
that would mean the existence of A(G) > 1 vertices of maximum vertex degree in G, 
contrary to the condition (a). Thus, DI q~ @°s(G; Y). 
Furthermore, let D, E ~s(G;Z)  which means that V-DI  contains vertices of 
different blocks. Since every minimum psd-set is also minimal, by Lemma 1.16 it 
follows that there must exist a vertex w E V(G) such that V - D1 = N(w). Since Dl 
is a To-set of G, it follows that d(w) = IN(w)] = A(G) and hence that w = u due to 
condition (a). But then Dl = D, contrary to our assumption that D~ ¢ D. 
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Thus, we conclude that Di E ~, (G;X2) .  By Remark 2.10, there exists B E MG with 
V -D i  C V(B), IV(B)I > A(G) such that V(B) has a partition {VI, I/"2, ti3} satisfying 
the conditions of Lemma 2.8. Remark 2.9 and condition (a) of the hypothesis imply that 
V1 = {u}. The conditions of Lemma 2.8 then imply that IN(u) n V(B)I = A(G) - 1, 
V20 V3 = B - {u}, and V3 = B - N[u] E ~ps(B - {u}). Thus, we have ended up with 
a block B in G with IV(B) I > A(G) and not satisfying any of the conditions stated in 
part (b) of the statement of the theorem, a contradiction to the hypothesis. Therefore, 
existence of any Tp-Set other than D = V(G) - N(u) in G is ruled out; that is, D must 
be the only yp-Set in G under the given conditions. [] 
Proposition 3.3. For any connected separable graph G with A(G) < k(G), 
= 
Proof. This can be easily proved invoking Lemmas 1.13-1.15 and (7). 
We shall now pass on to other possible logical cases of graphs having unique min- 
imum psd-sets, towards having a complete picture about such graphs. 
Theorem 3.4. Let G = (V,E) be a connected separable graph of order n such that 
A(G) < k(G). Then, G has a unique To-set if and only if the following conditions 
are satisfied: 
(i) G has a unique block B such that I V(B)I - T0(B) = k(G). 
(ii) B has a unique yp(B)-set. 
Proof. First, note that since 1 < A < k we must have yp(G) = n - k in this case. 
(Necessity). Assume that G has a unique To-set. Suppose then that (i) is not true. 
This supposition implies the existence of at least two blocks B and B1 in G such that 
I V(B)I - 7p(B) = I V(BI )1 - yp(Bl) = k(G). Let M 6 ~gs(B) and N E ~gs(B1 ). Now, 
consider D = (V(G) - V(B)) 0 M and D, = (V (G) -  V(B~ )) 0 N. Clearly, D and 
Dl are both yp-Sets of G such that V - D C V(B) and V - Dl C V(BI ). Since G has 
a unique To-set, we must have D = Dl and hence V -  D = V-  Dl. This implies 
IV(B) n V(BI )l >~ [V - D l = k(G) > l, a contradiction to the fact that any two blocks 
in a graph can have at most one vertex in common. So, (i) follows. 
Next, let (ii) be not true. Then, B must have two To-sets M and N. Then, 
D1 = (V(G) -  V(B)) O M and D2 = (V (G) -  V(B)) ON are two different yp-Sets of 
G, a contradiction to our assumption that G has only one. 
(Sufficiency). Assume that the conditions (i) and (ii) are satisfied by G. Then, since 
A < k, Proposition 3.3 yields D°s(G) = ~s(G;X1 ); that is, for any yp-set D of G there 
exists Bi C ~G such that V -Dc  V(B1) with P(B1,D) = 0 and hence V(BI)ND E 
~°s(Bl ) (cf. Remark 6 in [2]) and IV(B1)]-Tp(BI)  = k(G) (cf. Remark 8 in [2]). By 
assumption (i), BI -----B. 
Now, if G has two yp-sets Di and D2 then V - DI C V(B) and V - D2 C V(B). As 
shown above, V(B) N D1 and V(B) N D2 are yp(B)-sets. But, by (ii), V(B) N D1 = 
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V(B) ND2 whence we get D, = (V(G) -  V(B)) U (V(B)NDI) = (V(G) -  V(B)) U 
(V(B)f')D2) = D2. [] 
Theorem 3.5. Let G = (V,E) be a separable graph of order n such that A(G) = k(G). 
Then, G has a unique To-set if and only if the following conditions are satisfied: 
(i) G has exactly one vertex u of degree A(G), 
(ii) G has exactly one block B such that IV(B)] - MB)  = k(G), and 
(iii) B satisfies 
(a) N(u)C V(B) and 
(b) V(B) -N(u)  is the only yp -set of B. 
Proof. (Necessity). Let G have a unique yp-Set D. Then, since To(G) --- n - A (by 
virtue of Proposition 1.7), it must be of the form D -- V(G)-N(u) where u is a vertex 
of degree A(G). We claim that u must be unique. Suppose there exists a vertex v of  
degree A other than u. Then, since V(G) - N(v) is a To-Set of G and D is unique, we 
see that N(u) = N(v). Hence, for any w E N(u), DI = ( (V(G)-  N(u))U {w}) - {v} 
is a yp-Set of G different from D, a contradiction to the hypothesis that D is unique. 
Thus, (i) holds. 
Next, since yp(G) = n - k, there must exist B E :~G such that (ii) holds. Clearly, 
D, = (V(G) - V(B)) UA, A E ~°s(B), is a To-set of G for any block B such that 
IV(B)[ - 7p(B) = k(G). Since D is the unique yp-Set of  G we must have Dl = D 
so that V - D --- V - Di whence we get N(u) = V(B) - A. Therefore, N(u) C V(B). 
Also, since B is a block and A(G) > 1 we indeed see that N[u] c_ V(B) - this implies 
uniqueness of B. Thus (ii) and (iii)(a) hold. Furthermore, A = V(B) -  N(u) is the 
only yp-Set of  B because G has a unique yp-Set. Existence of a yp-Set A l of  B, different 
from A, gives rise to a yp-Set DI = (V(G) - V(B)) UAI of G which is different from 
D, contrary to the hypothesis. Thus, condition (iii) (b) must also hold. 
(Sufficiency). Assume the validity of the conditions (i)-(iii). By condition (i), the 
set D = V(G) -N(u)  is a yp-Set of G. 
Hence, suppose that G has a yp-set D I¢  D. We consider various possibilities for 
the location of DI in the classes given by the decomposition of ~°s(G) in (7). 
0 . Firstly, let Dt E ~ps(G,X i ) .  Then Di = (V(G) - V(BI)) UA~ where [V(B1)[ -  
yp(Bl) = k(G). By (ii) and (iii), we must have BI = B and AI = V(B) -  N(u). But 
then, we get Dj - -D  which is contrary to our assumption. 
So, let D1 C ~s(G;X2) .  Then, by Remarks 2.9 and 2.10, it follows that there 
exists B1 E Mc such that V - Di C V(B1 ), P(B1,DI) ¢ 0, each vertex of P(BI,D1) 
has degree equal to A(G), IN(x)A V(BI)[ = A(G) -  1 for every x E P(BI,DI) and 
N(x)A (V(G)-  V(BI )) ¢ ~ for every x E P(BI,DI ). Condition (i) yields, P(B1,DI ) = 
{u} and IN(u) fq V(B1 )[ = A(G)-  1 which implies BI ¢ B by (iii)(a). However, since 
u C V(BI) we must have [N[u] A V(B1)[ -- A(G). Also, we know IN[u] f3 V(B)[ = 
A(G) + 1 so that B and B1 are seen to have A(G) vertices in common. Since A(G) > 
k(G)>~ 1 it follows from a property of blocks that B1 = B. But this contradicts our 
derivation above that Bi and B are different blocks of  G. Therefore, Dl f~ ~°s(G;X2). 
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Hence, let Di E D°s(G;Z). Then, V - DI = N(w) for some vertex w of maximum 
vertex-degree in G as shown in the sufficiency part of the proof of Theorem 3.2 (see 
0 . paragraph relating to ~ps(G,Z)  there). By (i), we get w =-u and hence D~ = D. 
Lastly, therefore, we must have Di E ~s(G;XL ). Then, there must exist BI E ~G 
such that V -D1C V(BI), P(BI,DI) --- ~, [V(B1)[ - yp(Bi) = k(G), and V(B~) N 
Dj E ~s(B i ) .  Conditions (ii) and (iii) would then imply B1 = B, N(u)C V(BI), 
V(BI) ND1 = V(G) -N(u)  whence we get V -  D1 = N(u) so that DI = D. 
Remark 3.6. The proof of (i) in Theorem 3.5 could be used to show (a) of Theorem 
3.2, but not vice versa. Also, we note that the proofs of part (iii)(b) of Theorem 3.5 
and that of part (ii) of Theorem 3.4 are similar (but not the same). 
Corollary 3.7. Let G = (V,E) be an), separable graph of order n such that 
7p(G) = n - A(G). I f  G has a unique 7p-Set then G has a unique vertex of degree 
A(G). 
Proof. yp(G) = n - A(G) ~ A(G)>~k(G). If A(G) > k(G), the result follows from 
Theorem 3.2. If A(G)= k(G), the result follows from Theorem 3.5. [] 
Theorem 3.8. A connected separable graph G of order n >~3 in which I V(B)I <~A(G) 
for every B E ~c  has a unique go-set if and only if G has exactly one vertex of 
degree A(G). 
Proof. IV(B)I <~A(G) implies that IV(B)[ -  7p(B) < A(G) for every B E Me. Hence, 
A(G) > k(G) and the result follows from Theorem 3.2. 72 
Corollary 3.9. A tree T with at least 3 vertices has a unique yp-set if and only if T 
has exactly one vertex of maximum degree. 
For example, a graph in which every block is complete, the so-called block graph 
(cf. [4, p. 29]) has the property stated in Theorem 3.8 whenever it is separable since 
for such a graph G one has k(G) = co(G)- 1 <,A(G)-  1 < A(G) where co(G) denotes 
the usual clique number of G. Therefore, if such a graph has exactly one vertex of 
maximum degree then it must have a unique yp-Set too. On the other hand, we have 
the following more general result: 
A cactus is a graph in which every block is either a K2 or a cycle. For such a 
connected separable graph G of order n, the fact that yp(G) = n - A(G) has already 
been established (see [6]) - -  therefore, if G has a unique 7p-set hen G must have a 
unique vertex of maximum degree. 
A graph G is called a block-cactus graph if every block of G is either a complete 
graph or a cycle - -  clearly, this notion generalizes trees, unicyclic graphs, block graphs 
and the well-known cacti. 
12 B.D. Acharya, P. Gupta/Discrete Mathematics 195 (1999) 1-13 
Table 1 
G 7p(') k(.) to(.) 
Kn, n>~2 1 n -  1 n 
c,,, n # 3.5 n - 2 2 2 
c5 2 3 2 
Lemma 3.10. Let G = (V,E) be a block-cactus graph of order n having cutvertices. 
Then 7p(G) = n - A(G). 
Proof. Table 1 of parameters i compiled from the known results: 
Using the values of these parameters for a block-cactus graph G, we get 
{ ~o(G)- 1 
I 
k(C) = 2 
3 
if co(G) ~<4 
if G is a tree (~o(G)) = 2) 
if ~o(G) = 3 and no block is C5 
if og(G) E {2,3}and some block is C5 
(8) 
Then, in each case listed for evaluating k(G) above, one may easily show 
that k(G)<~A(G) (with equality possible only in the last case) so that 7p(G) = 
n-  A(G). [] 
By a stringed r-cycle we mean a unicyclic graph having exactly one pendant vertex 
and whose unique cycle has length r. 
Theorem 3.11. Let G = (V,E) be any connected block-cactus graph of order n having 
cut vertices. I f  G has a unique 7p-set then G has exactly one vertex of maximum 
degree A(G). The converse holds unless G is a stringed r-cycle, r E {4, 5}. 
Proof. Necessity follows from Lemma 3.10 and Corollary 3.7 applied in that order. 
To prove the converse, suppose that u is the only vertex of degree A(G). 
Assume ~o(G)~>4. Then, since G is connected and has at least two blocks we get 
A(G)>~oo(G)>~4 and hence k(G) = ~o(G) - 1 <~A(G) - 1 < A(G). Now, let B be any 
block of G containing u and such that [V(B)I > A(G). B cannot be a complete block of 
G, for otherwise we get A(G) < IV(B)I ~<~o(G), contrary to the fact that A(G))og(G). 
So, B must be a cycle block of G. But then, IN(u)• V(B)[ -- 2 < A - 1 as A >~4. 
Thus, B satisfies condition (b)(ii) of Theorem 3.2 and hence invoking it renders G 
with a unique 7p-set. 
Assume og(G) E {2,3}. Then, k(G) E {1,2,3} and A(G)~>2. Hence, we shall 
complete our arguments by exhausting the three different possible values of k(G). 
Firstly, since k(G) = 1 ¢* every block of G is a K2 ¢* G is a tree, the result in 
this case follows from Corollary 3.9. 
Next, let k(G) = 2. Then, by (8), it follows that G must be a cactus in which every 
block is either a K2 or a cycle other than C5, with at least one cycle-block present. 
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Clearly, then A(G)>~3 so that A(G) > k(G). Hence, consider a block B containing u 
and such that IV(B)I > A(G)>~3. Then, B being a nontrivial block must be a cycle 
other than C5 as seen above. 
Now, if A(G)>~4 then IN(u)n  V(B) L = 2 < A - 1 so that by applying Theorem 
3.2(b)(ii) it follows that G has a unique 7p-set. 
On the other hand, if A(G) = 3 then since u is the only vertex of degree A(G) -- 3 it 
follows that B must be a stringed r-cycle for some positive integer r. Since I V(B)I > 3, 
we see that r >~4. 
I f  r~>6 then IN(u)n  V(B)I = 2 --- A(G)-  1 and V(G)-N[u] ~ ~ps(B-u)  whence 
by Theorem 3.2 (b) (iii) it follows that G must have a unique 7p-Set (in fact, then 
D°s(G) = {V(G) - N(u)}). 
On the other hand, if r E {4, 5}, then IN(u) N V(B) I = 2 = A - 1 and V(G)-N[u] E 
~ps(B - u) whence by Theorem 3.2(b)(iii) it follows that G must have at least two 
";p-sets. 
Next, let k(G) = 3. Again, if A(G)~>4 > 3 = k(G) then we have IN(u) N V(B)] = 
2 < A - 1 so that by applying Theorem 3.2 (b) (ii) it follows that G has a unique 
To-set. 
However, if A(G) = 3 then, by (8), it follows that G must be a cactus in which 
some block is (75. In fact, G turns out to be a stringed 5-cycle due to the uniqueness 
of u by hypothesis. But then with B as the block C5 in G we see that V(G) - N(u) 
and (V(G) - V(B)) UA for any A E @~s(B) - {B - N(u)} are two distinct To-sets in 
G. This completes the proof. [] 
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